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Galileo’s Investigation

Teachers’ Guide
to using the Dynakar
and modelling motion
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Teachers’ Guide to Galileo’s Experiment

Check the car’s bluetooth dongle is
inserted in the PC/laptop and the car
is switched on.

Select Log Dynakar.

You are given 2 options:

default period of 8s)

Select Quick Start and the logbook
graphing page will open. Check that
the displacement is set to 0.000 m.

Release the Dynakar.

The data is captured automatically.
After 8s elapses the data collection
stops and the graph for velocity-time is
smoothed.

From this screen you can observe the
displacement-time graph and below it
the velocity-time graph. It is possible to
identify where and when the Dynakar
reached the end of the track and
rebounded etc.

@ beer / ecaning Channel Selecter

Setting up the Dynakar
and data-logging
software

After setting up the Dynakar

experim

ent, open the Loghbook

Graphing software.
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By clicking on any point on the curves, the dashed lines will move and you can read off the
time, displacement and velocity at that point.

By hovering on a point you will also see the approximate velocity or acceleration at that
particular time.

Click on a point at the end of the =~ Fr=we===——=
motion required.

e

(In this case when the velocity
stopped increasing, after 4.35s.)

s == T, Em =S o

[ 0 s R i O e——

Click and drag the vertical dashed line across to the origin. You will see the area under
the curve between these two vertical lines is now shaded.

Hover the cursor over this area and you will be able to read off values for the selected area.

e Average acceleration (gradient of line between the end points)
e Displacement (area under the curve)

Finally with the relevant area highlighted click on Crop. This removes data collected after
the car reached the end of the track.

The graphs of displacement-time and velocity-time can be analysed using these tools in the
Logbook Graphing software and students should be encourage to discuss and interpret the
shape of the curves and any interesting features.

However to model these curves with functions you will need to export the data to a
spreadsheet and/or graphing application.

Managed by MEI
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Modelling the motion of the Dynakar

Once the graphs have been cropped so that only the relevant section is displayed, select “All
Data Table” from the menu buttons at the top of the screen.

This displays two tables of data. L —]
(Ignore the lower Student Data ~  |=="" gl

Complete Data Table (329 rows)

Table). TR

The first table shows all the data
points for motion recorded at intervals | “= |
of approximately 0.01s and

consequently there are hundreds of ‘
data points. R f

From the drop down menu above the table select Show every 10" row or Show every 20™
row to reduce the number of values.

Select Copy Complete Table button in the left-hand margin. You can now paste the table
into a spreadsheet, which allows you to select the data you wish to graph.

To plot the displacement-time graph, e ——— 4

Be Gk Yo Dy b Den Epuion Qe Mindow bip
BBLEE 2B ClEESD 12 E 8 D=5

select the time and displacement data  t-x esssasinosmae o
and paste into graphing software. For '

example, in Autograph, select Data
and then Enter XY Data Set... to
input the time and displacement data
as X and Y coordinates. Plotting the
data shows the points with
automatically chosen axes.

Figgl

FREFREONN

PR

Lb Alternatively the data set can be
entered as a list in Geogebra and
analysed.

ol
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g 17

Fitting a function to the data can be done by trial and improvement or by using the ahimated
features of the graphing software. In Autograph this would be the Constant Controller and in
Geogebra by using a slider.

Students should consider suitable functions that might fit the data and the interpretation of
these functions in the context of the observed motion. For example, a linear function used to
model the data for displacement-time may fit the points reasonably well but would imply that
the displacement was changing at a constant rate, i.e. the car was moving with a constant
velocity. However it should be observed that the car started from rest and then later was
moving, indicating its velocity had changed!

o

Using a quadratic function passing - ;
through the origin, e.g. y = ax?, where %};H*
a is constant to be determined should

give the correct general shape.

92|

5 FRFE B F PP 2N

BB

The value of a can be found using the
constant controller in Autograph either
by displaying the family of curves for

various values of a, or by changing 5% Z- o= = S R o
manually the value of a until the curve

Mroge -1

Ee-le B & H BT ARG e o f B,
is a good fit for the points.

The function fitting the data shown in
this example is y = 0.102x?

FPREEE PP QNP

(or s= 0.102 t).

L@

The velocity-time graph can be similarly plotted by selecting the data from the spreadsheet.

(Note: the velocity data is derived from the recorded displacement data and as such there may

be slight errors in the values.)

L
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The function fitting the data shown in
this example is y = 0.2x

FPREE PPOERQNIPE

(or v =21).

£ R®

Thus we have models for the motion of the Dynakar rolling down a slight incline,
Displacement s =0.102 t*

Velocity v = 2t.

Questions for discussion
Students should interpret these formulae and consider their validity.

e |f the car was to roll further would the graphs be similar shapes. Are the formulae valid
for times greater than 4s?

¢ What do the formulae predict the velocity or displacement is at a particular time?

e What is the acceleration of the car? Is it constant?

For A level Mechanics students

o How do these experimental values compare with the theoretical values predicted using
Newton’s Laws of Motion?

e What other forces may be acting? Can the magnitude of these forces by estimated?

Managed by MEI
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1. Investigating the height of the incline

The experiment can repeated after increasing the height of the incline.

SR

b
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The data and graphs captured by the Logbook Graphing software are sufficient for students to
observe that:

e The displacement-time and velocity-time graphs are similar in shape to the previous
run, so the motion is similar.

o The car takes less time to cover the distance — hence it is travelling faster.

e The gradient of the velocity-time graph is greater — hence the acceleration is greater.

e The acceleration can be read off the screen by highlighting a section of the velocity-
time graph. (The average acceleration should be approximately equal to the value

found by modelling the data using a graphing package)

The following screenshots show the displacement-time and velocity-time graphs for four
different inclines.

T —— ™ . ==
B G b Do e D faen Gt i B
PRV = Tl T R
La A K G DR 400 R

2 e e [Pt [P s P i S P

=
Lo
£
< |
B

WERFEFERPAQNFE

®®

EPBIRERRETE PPN S

displacement-time graph velocity-time graph

The data collected by the Dynakar is very consistent and facilitates detailed modelling in this
way. lItis clear that the acceleration increases as the angle of the incline increases.

Managed by MEI
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Let maths
take you further

Experimental

Theoretical Model

Data from Dynakar Model from using Newton’s
Autograph Laws
. . . Average Average
Heighth | Length L | Angle | Displacement | Time Taken Velocity Acceleration | Acceleration (ms™@) | Acceleration (ms™)
(cm) (cm) (rad) (m) (s) 1 2
(ms™) (ms™)
6 155 0.039 1.62 4.00 0.405 0.187 0.20 0.38
9 155 0.058 1.68 2.73 0.614 0.376 0.39 0.57
12 155 0.077 1.69 2.30 0.734 0.540 0.63 0.76
15 155 0.096 1.71 2.11 0.828 0.698 0.75 0.94
1 The data that can be obtained easily from the Logbook Graphing
0.8 ® software for the Dynakar shows that as the angle increases the average
06 ¢ [ | velocity and acceleration increase.
' [ |
0.4 P @ Av. Velocity By graphing these results it suggests that there might be a linear
. relationship between average acceleration and height, where av acc =
0.2 O M Av. Acceleration
0.057h —0.14. Thus when 0.057h = 0.14, h = 2.5cm, there would be no
0 acceleration and the car would remain at rest.
0 5 10 15 20
Height (cm)
Managed by MEI
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Modelling the experimental data using Autograph

The values for acceleration which can be found by fitting curves to the displacement-time and
velocity-time graphs are consistent with the value for the average acceleration obtained from
the Logbook Graphing software.

0.8

0.7

0.6

0.5

"“g 0.4 .

0.3 @ Experimental Acc.

0.2 L 4

0.1

0
0 5 10 15 20

Height

The relationship appears linear, exp. acc. = 0.063h — 0.16

Again the experimental acceleration is zero when 0.063h = 0.16, i.e. when h=2.5cm.

Managed by MEI
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Modelling the motion using Newton’s Laws of Motion

Assume the car is a particle sliding down the incline. N

e

Force diagram

L

(W = mg is the weight of the Dynakar, R is a constant resistance force, and N is the normal
contact force.)

Using Newton’s 2" | aw parallel to the incline,
Wsin@ - R = ma

ma

mgsin® - R

If R =0, then gsin® a

How does the theoretical model compare with the experimental model?

The theoretical acceleration (assuming R = 0) is a = gsin®.

Angle of incline 0 Experimental Acceleration
(rad) (ms™)
0.039 0.20
0.058 0.39
0.077 0.63
0.096 0.75

Using these values we can estimate values for g = a/ sinB. The values are not constant
and are lower than 9.8 ms™? which we would expect.

Taking g as 9.8 ms™ in the formula for the acceleration a = gsin® we find that the theoretical
acceleration is higher than that found experimentally by approximately 0.18ms™,

The conclusion is that the resistance force R is not equal to zero.
Therefore a refined model for the acceleration is a=gsin@ - R/m

We can estimate that R/m is between 0.15 and 0.18 as this is the difference between the
observed acceleration and gsin®.

If the mass of the car = 0.225q, then the resistance force is 0.034 < R < 0.041 newtons.

Managed by MEI
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Comparing the theoretical model with the experimental data

Experimental model (from graphing) ag = 0.06h - 0.16

Theoretical model (from Newton’s Laws) ar=gsin@ - R/m

Substituti R/m = 0.16 =9.8 d sind =—m—=—n__~"
UbSHIting m="5.25, g=2 and SINS = Jiz+i2 ~ VhZ+1s82 155
i - 9.8—- 0.16

gives ar=9.8_--- 0.

Therefore ar=0.063h-0.16

These models are remarkable similar.

Managed by MEI
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2. Investigating the mass of the Dynakar

The incline height was kept constant at 9cm (or an angle of 0.058 rad) and the experiment
was repeated increasing the mass of the car by 40g each time.

The acceleration of the car was taken from the Logbook Graphing software. For consistency
the measurements were taken 3 times for each different mass.

Sample results for Dynakar

Additional Mass Acceleration Acceleration Acceleration Median
(ms?) Run 1 (ms™) Run 2 (ms?) Run3  Acceleration (ms™)
0 0.38 0.37 0.37 0.37
0.04 0.37 0.35 0.36 0.36
0.08 0.37 0.37 0.38 0.37
0.12 0.36 0.38 0.38 0.38
0.16 0.38 0.38 0.37 0.38

The results indicate that increasing the mass of the Dynakar does not change its acceleration.

Using Newton’s 2" Law you can show that the acceleration a=gsin®

Conclusion

The acceleration is independent of the mass of the car.

Galileo showed that the acceleration of a falling object is independent of its mass in the 17"
century.

Managed by MEI
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3. Investigating the drag of the Dynakar

The incline height and mass of the car are kept constant at 9cm (or
an angle of 0.058 rad) and 2259 respectively and the experiment
was repeated increasing the drag of the car by using cardboard
sails.

Sample results for Dynakar

Area of Sall Acceleration Acceleration Acceleration Median
(cm? (ms?) Run 1 (ms?) Run 2 (ms?) Run3  Acceleration (ms™)
0 0.38 0.37 0.37 0.37
315 (15x21) 0.38 0.33 0.31 0.33
630 (30x21) 0.28 0.28 0.27 0.28
945 (45x21) 0.26 0.25 0.27 0.26

The data for displacement time from 3 runs with different sails is below.

4
T /¢ sail

f L R

The data in the table and the graphs show that increasing the drag has an effect on the
acceleration of the Dynakar. The higher the drag, the lower the acceleration.

If the drag is sufficient it may be possible to see that the car is travelling at a constant velocity
for final seconds of the motion. This would indicate that the car had reached its terminal
velocity. On the displacement-time graphs this is shown by the almost linear sections after 2s.

The displacement-time data can be modelled again using quadratic functions, but a refined
model would incorporate a drag component.

Managed by MEI
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Modelling the drag force
Two models are commonly used for resistance force, drag. These are:
R = Kv and R = kv?

Force diagram

where W = mg is the weight of the Dynakar, R is the drag force, and N is the normal contact
force.

Using Newton’s 2" | aw parallel to the incline,
Wsinf — R = ma
mgsind — R = ma
Using R = Kv model for the drag force
Newton’s 2" Law gives ma = mgsin@ — Kv

When the car reaches terminal velocity the acceleration is zero. Therefore if V is the terminal
velocity of the car we have that

KV = mgsinf

To find the velocity and displacement of the car as functions of time requires the integration of
the equation for a.

. . . dv . K
The equation for acceleration can be written as prl gsinf — —v
dv

_— . dv _ , __gsing , _ v
Substituting for K : e gsinf — v= gsinf(1 V)

Separating variables: | 1d_v£ = [ gsinf dt
|4

-V in |1 - §| = gsinft + constant

Initial conditionsaret = 0, v = 0, therefore the constant = 0

Managed by MEI
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Rearranging for v:

The velocity of the car is

Let maths
take you further

-V In |1 - §| = gsinft

In |1 —§| = —%sin@t

1— v — e—%sinet
%4

v = V(]. _ e—%sin@t)

g .
Integrating the expression for v x = fV(l — e—vsmet)dt

v o g
x = V(t + ——e V") 4 constant

Initial conditionsaret = 0, x = 0.

Therefore

Hence

gsinf
2
0=0+ ——— + constant
gsinf
VZ _g .
x=Vt+ (et 1)

gsinf

How does the theoretical model compare with the experimental results?

Using an estimate of 0.9ms™ for terminal velocity for sail of size A4 and substituting for g and
sinB into the formula for x gives

x = 0.9t + 1.43(e7 %63 — 1)

This function is quite a good fit to the data collected.

15
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Alternatively, using R = Kv? model for the drag force
Newton’s 2" Law gives ma = mgsind — Kv?

When the car reaches terminal velocity the acceleration is zero. Therefore if V is the terminal
velocity of the car we have that

KV? = mgsinf

To find the velocity and displacement of the car as functions of time requires the integration of
the equation for a.

. . . dv . K
The equation for acceleration can be written as Pl gsinf — sz

i ) av _ . o gsind o . _v2
Substituting for K : i gsiné VT = gsinf(1 Vz)
Separating variables: f diz = [ gsinf dt

-2

2 2
Simplifying the denominator on RHS: fv;/jdv f(lf—v‘)/m

dv = [ gsinf dt

2
Using partial fractions: fmdv = fZ(VV_U) + Z(VV+U) dv = [ gsin6 dt

14 V+ .
3 In |V—_Z = gsinft + constant
Initial conditionsaret = 0, v = 0.
Therefore constant = 0
14 V+ .
3 In |V—_Z = gsinft
. V+ 29 .
Rearranging for v: In |—v = I sinot
V-v 14
v+ 29 V- 29
T = gysinbt therefore —— = v St
V-v V+v
(1-e77 sinGt)
The velocity of the car is v=>V —
(1+e % Ssin t)
Managed by MEI
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For displacement, integrate the expression for v

, 29

dx V (1 eV sm@t) ( Vsm@t_l) ( 2¢ VsmGt 1)
gy =29 - 29 o T 20 .-

dt (1+e75m9t) (e751n9t+1) (6751n6t+1)

2_g .
x=V( 5 Inlevsmot 41| - t) + constant

2
29 ..
VSlTl

Initial conditionsaret = 0, x = 0.

V2
Therefore 0 =——In2 — 0 + constant
gsinf
29 ..
L2 |6751n9t+1|
Hence X =— n -Vt
gsiné 2

How does the theoretical model compare with the experimental results?

Using an estimate of 0.9ms™ for terminal velocity for sail of size A4 and substituting for g and
sinB into the formula for x gives

1.26t+1

x = 1.43 1neT — 0.9t

This function is not quite such a good fit to the data collected.
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